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Abstract
Interactions incorporating the vacuum polarization effects in curved backgrounds modify the null
cone structure in such a way that the photon trajectories would not be the spacetime geodesics
anymore. The gravitational birefringence introduced as a direct consequence of these effects, will
allow shifts in the photon velocities leading to polarization dependent superluminal propagation.
Taking these effects into account we study Fermat’s principle in the context of the 1+3 (threading)
formulation of the spacetime decomposition. Then, as an application of the above ideas, photon
velocity shifts in the case of the NUT space as the background gravitational field are calculated.
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I. INTRODUCTION
Quantum Gravitational Optics (QGO) is the term coined for the studies incorporating
photon propagation in curved space-times in the presence of QED vacuum polarization in
the lowest (leading) order [1]-[2]. The quantum corrections introduce null cone modifications
which in general alter the propagation characteristics of photons leading to cases in which
they could travel at speeds greater than unity. It is expected that the more complex the
space-time is, the more complex should be its curvature coupling to these quantum effects.
In line with the above expecation, this phenomenon has been studied in Schwarzschild,
Robertson-Walker and gravitational wave backgrounds [1] as well as in Reissner-Nordstrom
and Kerr black hole spacetimes [3]-[4]. It is found that except for the case of de Sitter space
there may be certain directions and polarizations in which photons travel at speed greater
than unity. It is also shown that in the case of static topological black holes, the velocity shift
of photons is the same as in the Reissner-Nordstrom case and the vacuum polarized photons
are not sensitive to the asymptotic behavior or topological structure of spacetime while for
radiating topological black hole backgrounds, the light cone condition and velocity shifts
depend on the topological structure [5]. In a recent paper, taking the vacuum polarization
into account the propagation of a bundle of rays in a background gravitational field has been
studied through the perturbative deformation of the Raychaudhuri equation [6]. The effect
of bending of light has been widely investigated in the framework of general relativity (GR)
while semiclassical topics such as the QED interactions discussed above in the context of
QGO are usually neglected. Despite the fact that QGO corrections are expected to be small,
the comparison between the classical (GR) and semiclassical (QGO) theories can be led on
the basis of higher order effects which deserve attention from the theoretical point of view.
In what follows, first we give a brief account of QGO and show how the basic modifications
introduced by the theory could lead to the corrections on the photon trajectories based on
Fermat’s principle. This in turn is done in the context of 1 + 3 formulation of spacetime
decomposition. Next we consider QGO corrections in the background of NUT space repre-
senting the space-time of a spherically symmetric mass M endowed with a gravitomagnetic
monopole charge q [7].
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II. VACUUM POLARIZED PHOTON PROPAGATION IN A CURVED BACK-
GROUND
Vacuum polarization is an effect in which the photon exists as a virtual e+e− pair for a
short time. This virtual transition assigns photons with an effective size of O(λc), where
λc is the Compton wavelength of the electron [1]. The photon propagation will be affected
by gravity if the scale of space-time curvature L is comparable to λc. Ignoring the vacuum
polarization, the equivalence principle leads to the photon propagation at the speed of light
on the spacetime null geodesics. But when the pair production is taken into account, the
equivalence principle is violated in such a way that the photon trajectories are modified and
superluminal (photon) propagation becomes a possibility. All this could happen without
necessarily breaking down the causality [2]. Considers the vacuum polarization, the first











d4x(−g) 12 (aRFµνF µν + bRµνF µσF νσ + cRµνστF µνF στ + dDµF µσDνF νσ ) (2)
in which


















are perturbative coefficients of O(α), me is the electron mass and α is the fine structure
constant. Expression (2) is called Drummond-Hathrell action [1]. The first three terms show
the influence of curvature while the last one, representing the off-mass-shell effects (in the
vacuum polarization), exists even in the flat spacetime [14]. The effective equation of motion





µF σν + 4cR νµ στD
µF στ ] = 0 (4)
in which only terms of first order in α and (λc/L)
2 are kept. Now we use the geometric optics
approximation, in which the electromagnetic field is written as a slowly-varying amplitude
and a rapidly-varying phase through a small parameter ǫ, i.e, (Aµ + iǫBµ + · · · ) exp(iϑǫ ),
where ϑ is a real scalar field. In geometric optics, the wave vector is defined as the gradient
3
of the phase, i.e, kµ = ∂µϑ and the polarization vector is introduced through Aµ = Aaµ,
where A is the amplitude and aµ is the polarization vector. Rewriting the equation of motion





µkνaγ − kµkγaν)] + 8c
m2e
Rµγστk
µkσaτ = 0, (5)








µkνaτaσ = 0, (6)
in which aµaµ = −1. Since this effective equation of motion is homogeneous and quadratic
in kµ it can be written as
Gµνkµkν = 0, (7)
in which Gµν could be defined as an effective (physical) metric whose null geodesics represent
the modified photon trajectories. In other words at this order of approximation there is no




From (7) it could be seen that there is a possibility for the modified null cone to lie outside the
original light cone leading to superluminal photon velocities as well as modified trajectories.
It is this feature of QGO that will be the main focus of our study in the next two sections.
III. FERMAT’S PRINCIPLE IN QGO
One way to look at the nature of the modified null trajectories in QGO is through
the fundamental definition of null rays via Fermat’s principle. Within the assumptions
of geometrical optics, the trajectory of a light ray from a source P to an observer on his
worldline L can be characterized by the following property known as Fermat’s principle: Its
arrival time is stationary with respect to first order variations of the null curves within the
set starting at P and reaching L [9]. In stationary spacetimes with metric gab, the Fermat’s
principle takes a version of particular interest. To invoke this version of the principle, we
employ the 1+3 (threading) formulation of spacetime decomposition in which the spacetime


















is the spatial distance in terms of the 3 dimensional metric, γαβ of three dimensional metric.
Using the classical version of Fermat’s principle (i.e at O (α0)) [10] we obtain its QGO
version for the propagation of a ray in an stationary gravitational field, taking into account




α = 0, (10)
where the integral is taken along the spatial projection of the physical ray which are to be
varied with fixed endpoints. Rewriting the light cone equation (6), in the form









)2 − γαβkαkβ = A00k0k0 + 2A0αk0kα + Aαβkαkβ . (12)
Noting that the vector kα must have the direction of the vector dxα for classic photon, we


























In the appendix, it is shown that this vector satisfies equation (12) up to order α. In the
following, we obtain the expression for kα, so we write




































































Multiplying by dxα and dropping the constant factor k0 which is assumed to be the constant








































The trajectory of a light ray in a gravitational field is determined in the same way as in
an inhomogeneous refractive medium. Rewriting Fermat’s principle in its classical form
δ
∫





















where eα = dx
α
dl
the tangent vector of the ray is introduced. We see that in QGO every
curved spacetime acts as an optical medium with its own polarization dependent refractive
index. The equations (16), (17) and (18) reduce to their corresponding classical counterparts
at zero α limit. Since Fermat’s principle is formulated through the stationarity of the arrival
time under the variations of the null curves connecting the source to the timelike observer,
it is expected that the time delays with respect to the classical path should be typically of
order α. Therefore the natural question one should address is whether these deviations get
larger as the travel distance increases? If the answer is yes, then a deviation much larger
than the scale of the theory could be achieved. A more detailed discussion of this topic will
be given elsewhere [11].
IV. QUANTUM CORRECTIONS IN NUT SPACE
As an example of the ideas introduced in the previous sections here we study quantum
gravitational optics in NUT spacetime as the background metric. The NUT space time is
described by the following metric [12, 13]:
ds2 = e−2ν [dt− 2q(1 + cos θ)dφ]2 − (1− q
2
r2
)−1e2νdr2 − r2dθ2 − r2 sin2 θdφ2, (19)
where




r2 − q2). (20)
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This is a stationary spherically symmetric solution of the vacuum Einstein field equations
with two parameters, the mass M and the NUT factor q. Obviously when q vanishes, the
metric reduces to that of the Schwarzschild spacetime. On the other hand when M = 0 the
spacetime reduces to that of the so called pure NUT space, interpreted as the spacetime of
a gravitomagnetic charge q producing radial gravitomagnetic field [7]. It is more convenient
to introduce a local orthonormal frame with the following basis 1-forms
e0 = e0 tdt+ e
0
φdφ
e1 = e1 rdr
e2 = e2 θdθ (21)
e3 = e3 φdφ
where the vierbeins are
e0 t = e
−ν
e0 φ = −2qe−ν(1 + cos θ)
e1 r = 1/
√
1− q2/r2eν (22)
e2 θ = r
e3 φ = r sin θ
The resultant connection one forms are:
ω01 = −ν ′e−2ν
√











ω13 = sin θ
√
1− q2/r2e−νdφ
ω23 = − q
r2
e−2νdt+ [cos θ +
2q2
r2
e−2ν(1 + cos θ)]dφ
There are nine non-vanishing components of Riemann tensor
R0101 = −R2323
R0202 = R0303 = −R1212 = −R1313
2R0312 = −R0123 = −2R0213
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out of which Only three are independent. For simplicity we define





























e−2ν (1 + rν ′) (26)
Introducing the following notation [1]-[2]




b − δibδja i, j = 0, 1, 2, 3,
the Riemann tensor can be written compactly as:
Rabcd = 2 A(U
01U01 − U23U23) + 2B(U02U02 + U03U03 − U12U12 − U13U13) (27)
+ C(U03U12 + U12U03 − U02U13 − U13U02 − 2U01U23 − 2U23U01).
To keep the expression clear we have suppressed the lower indices a, b, c, d in all the terms.
Rewriting the equation of motion (5) in a local frame and using the fact that NUT space is
Ricci flat it reduces to:
k2ab − ǫRabcdkakcad = 0. (28)
where ǫ = − 8c
m2
e
. This is a set of three simultaneous linear equations for independent com-
ponents of the polarization vector ab. It is convenient to introduce the following three
independent linear combinations of momentum components [1];
lb = k
aU01ab mb = k
aU02ab nb = k
aU03ab (29)

















The vectors l, m and n are independent and orthogonal to ka. To solve the photon prop-
agation equation, we rewrite eq. (28) as a set of equations for independent polarization
components a.l, a.m and a.n by substituting for the Riemann tensor from eq. (27). Doing





+ 2ǫB (m.lm.a + n.ln.a− p.lp.a− q.lq.a− r.lr.a)
+ ǫC
(
n.lp.a+ p.ln.a−m.lq.a− q.lm.a− 2l2r.a− 2r.ll.a) = 0
k2a.m + 2ǫA (l.ml.a) + 2ǫB
(
m2m.a + n.mn.a− p.mp.a− q.mq.a− r.mr.a)
+ ǫC
(
n.mp.a + p.mn.a−m2q.a− q.mm.a− 2l.mr.a− 2r.ml.a) = 0
k2a.n + 2ǫA (l.nl.a) + 2ǫB
(
m.nm.a + n2n.a− p.np.a− q.nq.a− r.nr.a)
+ ǫC
(
n2p.a + p.nn.a−m.nq.a− q.nm.a− 2l.nr.a− 2r.nl.a) = 0 (31)
Although difficult, in principle it is possible to solve the above system of coupled equations
in general. We select special trajectories which illustrate the most important features.
A. Radial component of motion
Consider the radial component of motion in which the photon momentum components
satisfy k2 = k3 = 0. Computing the terms we need
l2 = −k0k0 + k1k1, m2 = −k0k0, n2 = −k0k0,








and substituting them into eqs.(31), they could be written in the following matrix form;

k2 + 2ǫA(−k0k0 + k1k1) 0 0
0 k2 + 2ǫB(−k0k0 + k1k1) 0











One can solve for the eigenvectors of the above matrix as the polarization vectors satisfying
(28). The k2 value for each polarization is obtained through the requirement that the
determinant of (33) should vanish. Since ǫ is a small parameter [15] we keep only the terms
up to O(ǫ). Since for ǫ = 0 the light cone condition is just k2 = 0, in general k2 should be
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of O(ǫ). On the other hand from (32) l2 = k2 and so l2 is of O(ǫ). Ignoring second terms
in all the diagonal components, the only degenerate eigenvalue is k2 = 0. This is a result
expected from the spherical symmetry and it means there are no corrections to the radial
component of motion and in consequence, the photon velocity is given by |k0
k1
| = 1 for all
the polarizations. Using the results of the previous section it is also obvious that, to this
order of approximation, there will be no modification to the radial component of the null
trajectory.
B. Orbital component of motion
Now consider the orbital component of motion in which the photon polarization is such
that k1 = k2 = 0, so l2 = −k0k0, m2 = −k0k0, n2 = −k0k0 + k3k3 and m.r = k0k3 ; a.q =
−k3
k0
l.a ; a.r = −k3
k0
m.a. In a similar way as in the last section we arrive at:

k2 − 2ǫ(Ak0k0 − Bk3k3) −3ǫCk0k3 0
−3ǫCk0k3 k2 − 2ǫ(Bk0k0 −Ak3k3) 0











Diagonalizing this matrix we find as eigenvalues λ0 = k
2 corresponding to the unphysical




9C2(k0k3)2 + (A− B)2 (k0k0 + k3k3)2] 12 (35)
corresponding to transverse polarization eigenvectors which diagonalize (34) and have com-








C2 + (A−B)2ǫ. (36)


































































is factored out to see the contribution of the magnetic
mass in the velocity shift as compared to that of mass. It is interesting to note that for pure
NUT space, i.e for M → 0, the velocity shift is given by















In other words in the case of pure NUT space, apart from the term linear in the magnetic
mass, the velocity shift (to O (α1)) contains terms of higher order in q as well.
V. APPENDIX
We want to show that the equation (13) is a solution of the null cone equation (12) up
to order O(α).
−γαβkαkβ = (gαβ + g0αgβ) kαkβ






















































































































































≈ −h (k0 − gαkα)2 + Aµνkµkν ,
which establishes our claim.
VI. DISCUSSION
Every spacetime shows its own characteristics in QGO interactions with QED photons.
These photons may or not be sensitive to these characteristics. Even in a specific spacetime,
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some photon’s velocity and trajectory are affected by these interactions while others are
not. To look at the roots of this trajectory modification we have studied Fermat’s principle
in QGO in the context of threading (1 + 3) formulation of spacetime decomposition. It is
shown there is an effective Fermat’s principle for the propagation of a ray in a stationary
background through the introduction of an effective index of refraction. We call attention
to the fact that not only QGO photons do not propagate along the shortest line in space but
also the effective refractive index is itself a complicated combination of curvature and metric
components. Due to the strange nature of effective metric, the complicated behaviour of
ray in space is not surprising. In the second part we studied QGO in NUT space which
characterizes a spherically symmetric mass M endowed with a gravomagnetic monopole
charge q. Both parameters affect the velocity shift of orbital photons and depending on the
value of the parameters and terms in eq. (37), the velocity can be greater or smaller than
unity. Unlike schwarzschild (q = 0), in the case of pure NUT space (M = 0) the velocity
shift contains terms of higher order in NUT factor.
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